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Abstract. We study zeta functions enumerating finite-dimensional irreducible com- 
plex linear representations of compact p-adic analytic and of arithmetic groups. Using 
methods from p-adic integration, we show that the zeta functions associated to cer- 
tain p-adic analytic pro-p groups satisfy functional equations. We prove a conjecture 
of Larsen and Lubotzky regarding the abscissa of convergence of arithmetic groups 
f^*) , of type A2 defined over number fields, assuming a conjecture of Serre on lattices in 

s ! ' semisimple groups of rank greater than 1. 

U 

< 

1. Introduction and statement of results 
Let G be a group and, for n € N, denote by r n (G) the number of equivalence classes 



of n-dimensional irreducible complex representations of G; if G is a topological or an 
algebraic group, it is tacitly understood that representations are continuous or rational, 
respectively. We assume henceforth that G is (representation) rigid, i.e. that r n {G) 
is finite for all n £ N. In the subject of representation growth one investigates the 
arithmetic properties of the sequence r n (G) and its asymptotic behaviour as n tends to 
infinity. Recent key advances in this area were made by Larsen and Lubotzky in [9]. 
The group G is said to have 'polynomial representation growth (PRG) if the sequence 
, Rn(G) := ^2n=i r n{G) is bounded by a polynomial. An important tool to study the 

representation growth of a PRG group G is its representation zeta function, viz. the 



o 



■^j" ' Dirichlet series 

( G (s):=^2r n (G)n- , 

n=l 

where s is a complex variable. It is well-known that the abscissa of convergence a(G) of 
the series Cg( s ) 5 i- e - the infimum of all a € K such that (g( s ) converges on the complex 
^ ■ right half-plane {s € C | Re(s) > a}, gives the precise degree of polynomial growth: 

^ ! Rn(G) = 0(1 + iV«( G ')+ e ) for every e G M >0 . 

In [2] we introduce new methods from the theory of p-adic integration to study rep- 
resentation zeta functions associated to compact p-adic analytic groups and arithmetic 
groups. In [3] we compute explicit formulae for the representation zeta functions of the 
groups SLs(o), where is a compact discrete valuation ring of characteristic 0, in the 
case that the residue field characteristic is large compared to the ramification index of 0. 
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We give a summary of the main results of our forthcoming papers in the current section, 
followed by a brief description of the methodology in Section [21 

A finitely generated profinite group G is rigid if and only if it is FAb, i.e. if every 
open subgroup of G has finite abelianisation. In [5], Jaikin-Zapirain proved rationality 
results for the representation zeta functions of FAb compact p-adic analytic groups 
using tools from model theory. In particular, the representation zeta function of a FAb 
p-adic analytic pro-p group is a rational function in p~ s , for p > 2. Key examples 
of FAb compact p-adic analytic groups are the special linear groups SL n (o) and their 
principal congruence subgroups SL™(o), where o is a compact discrete valuation ring 
of characteristic and residue field characteristic p. For fixed n, and varying m and o, 
the latter also yield important examples of families of pro-p groups which arise from a 
global Lie lattice, in this case s[ n (Z). 

To be more precise, let be the ring of integers of a number field k, and let A 
be an o-Lie lattice such that k ® A is a perfect fc-Lie algebra of dimension d. Let 
= V be the ring of integers of the completion k v of A; at a non-archimedean place v, 
lying above a rational prime p. Given a finite extension D of o, we write *P for the 
maximal ideal of D, e(0\o) for the ramification index and f(D\o) for the residue class 
field extension degree. Let £((£>) := O <S> A. For all sufficiently large m, the Lie lattice 
m (D) := g(D) corresponds, by p-adic Lie theory, to a FAb, potent, saturable pro-p 
group G m (D) := exp (g m (D)). We call such m permissible for the Lie lattice 0(C). For 
example, for unramified extensions O of Z p and p odd, every m € N is permissible. In 
[2], we prove 

Theorem A. In the above setup, there exist a finite set S of places of k, a natural 
number r and a rational function W(X\, . . . , X r ,Y) € Q(Xi, . . . , X r ,Y) such that, for 
every non-archimedean place v of k with v ^ S, the following is true. 

There exist algebraic integers Ai = \\(v ),..., A r = A r (t>) such that for all finite 
extensions O of = V and for all m € N which are permissible for q(D) one has 

(1) Cg» ( £))W = d dm w(\{, . . .,x{.,q- fs ), 

where q v denotes the residue field cardinality of o, f = /(D|o) and d = ranker (g(D)) = 
dimfc(A; <8>o A). Furthermore, the functional equation 

(2) Ctf-wOOl*.^ = 4 d{1 - 2m) C^m{s) 

holds. 

Our proof of Theorem [A] implies in particular that the real parts of the poles of the 
zeta functions CG m (0)( s ) are rational numbers. More precisely, we prove the following. 

Theorem B. In the above setup, there exists a finite set PcQ such that for all non- 
archimedean places v of k, all finite extensions D of o = o v , and all permissible m for 
g(D) one has 

{Re(s) | s a pole of CG m (0)( s )} P- 
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Furthermore, ifv^S, where S is a finite set of places arising from Theorem\^ and 
if Ov ^ Oi C &2, then for every m € N which is permissible for g(Qi) and 3(1)2), 

(3) "(G m (Di)) < a(G m (D 2 )). 

Notice that, if the groups G m (D) are principal congruence subgroups of a FAb com- 
pact p-adic analytic group G(£>) consisting of the D-points of an algebraic group G, such 
as G = SL n , then (|3|) implies the monotonicity of the abscissae of convergence a(G(D)) 
under ring extensions. This follows from the fact that these abscissae are commensura- 
bility invariants. The set P of candidate poles is obtained by means of a resolution of 
singularities which leads to the generic formula ([T]) . Theorems [A] and [B] are illustrated 
by the explicit formulae given in Theorem [El below. 

The arithmetic groups we are interested in are arithmetic lattices in semisimple alge- 
braic groups defined over number fields. More precisely, let G be a connected, simply 
connected semisimple algebraic group, defined over a number field k, together with a 
fixed /c-embedding into some GL n . Let 05 denote the ring of S'-integers in k, for a 
finite set S of places of k including all the archimedean ones. We consider groups T 
which are commensurable to G(os) = G(k) n GL n (os). In [10], Lubotzky and Martin 
showed that such a group T has PRG if and only if T has the Congruence Subgroup 
Property (CSP). Suppose that F has these properties. Then, according to a result of 
Larsen and Lubotzky [9j Proposition 1.3], the representation zeta function of T admits 
an Euler product decomposition. Indeed, if T = G(os) and if the congruence kernel of 
r is trivial, this decomposition is particularly easy to state: it takes the form 

(4) Cr(s) = C G{ c)(s) [k:Q] -llC G{ o v )(-s). 

v<£S 

Here each archimedean factor Cg(C) ( s ) enumerates rational representations of the group 
G(C); their contribution to the Euler product reflects Margulis super-rigidity. The 
groups G(o„) are FAb compact p-adic analytic groups whose principal congruence sub- 
groups fit into the framework of Theorems [A] and [HI the product of the zeta functions 
of these local groups captures the finite image representations of V. 

Several of the key results of [9J concern the abscissae of convergence of the 'local' 
representation zeta functions occurring as Euler factors on the right hand side of dU). 
With regards to abscissae of convergence of the 'global' representation zeta functions 
Avni proved that, for an arithmetic group T with the CSP, the abscissa of convergence 
of Cr{s) is always a rational number; see [T]. In [51 Conjecture 1.5], Larsen and Lubotzky 
conjectured that, for any two irreducible lattices Ti and T2 in a higher-rank semisimple 
group H, one has a(T\) = a^), i.e. that the abscissa of convergence only depends on 
the ambient group. This can be regarded as a refinement of Serre's conjecture on the 
Congruence Subgroup Property. In [9j Theorem 10.1], Larsen and Lubotzky prove their 
conjecture in the case that H is a product of simple groups of type A±, assuming Serre's 
conjecture. In [2], we prove 

Theorem C. Let T be an arithmetic lattice of a connected, simply connected simple 
algebraic group of type A2 defined over a number field. IfT has the CSP, then a(T) = 1. 
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Corollary D. Assuming Serre's conjecture, Larsen and Lubotzky's conjecture holds 
for groups of the form H = ni=i Gj(ifj), where each Ki is a local field of charac- 
teristic and each Gj is an absolutely almost simple Ki-group of type A2 such that 
Y2i=i r ^Ki (Gj) > 2 and none of the Gj(iQ) is compact. 

Key to our proof of Theorem ICl is the following local result, which we formulate in 
accordance with the notation introduced before Theorem 1X1 

Theorem E. Let be a compact discrete valuation ring of characteristic 0, with residue 
field of cardinality q. Let g(o) be one of the following two o-Lie lattices of type A^: 

(a) sl 3 (o) = {x G 0(3(0) ! Tr(x) = 0}; 

(b) 3113(0,0) = {x £ 513(D) I x CT = —x*}, where D\o is an unramified quadratic 
extension with nontrivial automorphism a. 

For m G N, let G m (o) be the m-th principal congruence subgroup of the corresponding 
group SL3(o) or SU3(D, 0). Assume that the residue field characteristic of is not equal 
to 3. Then, for all m G N which are permissible for q(o), one has 

8m 1 + u(q)q- 3 - 2s + u{g- l )q- 2 -^ + q~^ s 
Cg»(o)W-9 (l- g l-2«)(l- g 2-3s) > 



u(X) 




where 

ifg(o) = s[ 3 (o), 
if g(o) = su 3 (D,o). 

The close resemblance between the representation zeta functions of the special linear 
and the special unitary groups is noteworthy and reminiscent of the Ennola duality for 
the characters of the corresponding finite groups of Lie type. We also give an explicit 
formula for Cslj i (d)( s ) m the exceptional case where is unramified and has residue 
field characteristic 3. Note that Theorem [E] implies that the abscissae of convergence 
a(SL3(o)) and a(SUs(D,o)) are each equal to 2/3, as the abscissa of convergence is a 
commensurability invariant. 

The explicit formula for CsL3(o)( s )) which we present in [3], is deduced by means of 
the Kirillov orbit method, a description of the similarity classes in finite quotients of 
g[ 3 (o), and Clifford theory. 

Theorem F. There exist finitely many polynomials f T) i,g r ,i G Q[x], indexed by (r,i) G 
{1,-1} x /, such that for every compact discrete valuation ring of characteristic 0, 
with residue field characteristic p > 3e(o|Z p ), one has 

C,SL 3 (c)lSj (!_ g l-2«)(l_ ? 2-3»)' 

where q denotes the size of the residue field of and q = r (mod 3). 

An explicit set of such polynomials f Tj i,g Tt i is computed in [3]. This result should 
be seen against the background of [HJ Theorem 1.1], which establishes the rationality 
of representation zeta functions of FAb compact p-adic analytic groups. For groups of 
the form SL3(o), Theorem IF1 specifies that these rational functions vary 'uniformly' as 
a function of the residue field cardinality q. Theorem IFl enables us to analyse the global 
representation zeta functions of the arithmetic groups SL^Os). 
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Theorem G. Let Os be the ring of S-integers of a number field k, where S is a finite 
set of places of k including all the archimedean ones. Then there exists e > such that 
the representation zeta function of SL^Os) admits a meromorphic continuation to the 
half-plane {s 6 C | Re(s) > 1 — e}. The continued function is holomorphic on the line 
{s € C | Re(s) = 1} except for a double pole at s = 1. There is a constant c € M>o such 
that 

N 

5>„(SL 3 (o s )) ~c-N log N, 

n=l 

where f(N) ~ g(N) means limjv-^oo f(N)/g(N) = 1. 

In [2], we also give simple geometric estimates for the abscissae of convergence of 
representation zeta functions of compact p-adic analytic groups and we compute repre- 
sentation zeta functions associated to norm-1 groups in non-split quaternion algebras. 



2. Methodology 

2.1. Kirillov orbit method and p-adic integration. The core technique in [2] is a 
p-adic formalism for the representation zeta functions of potent, saturable pro-p groups. 
This approach has two key ingredients. Firstly, the Kirillov orbit method for potent, 
saturable pro-p groups provides a way to construct the characters of these groups in 
terms of co-adjoint orbits; cf., e.g., [5]- This 'linearisation' - pioneered in [6[[8] - allows 
us to transform the original problem of enumerating representations by their dimension 
into the problem of counting co-adjoint orbits by their size. The second main idea of 
our approach is to tackle the latter problem with the help of suitable p-adic integrals 
which are closely related to Igusa local zeta functions (cf. [U [11]) and conceptually 
simpler than the definable integrals utilised in [8]. 

For pro-p groups of the form G m (D), which arise from a global O-Lie lattice A as in 
the setup of Theorems O and we describe the representation zeta functions in terms 
of p-adic integrals of the shape 

r \\F j (y)UF j - 1 (y)x 2 \\^ 

(5) Z D (r,t)= \x\y — -— d(i(x,y). 

J(x,y)eV(0) i<y<f d/2 j II^J-l Wllqj 

Here ^} denotes the maximal ideal of the discrete valuation ring D, the domain of 
integration V(D) C D d+1 is a union of cosets modulo ^p, the additive Haar measure \x 
is normalised so that fi(O d+l ) = 1, the Fj(y) are families of polynomials over the global 
ring o, which may be defined in terms of the structure constants of the lattice A with 
respect to a given o-basis, and we write || • ||rp for the ^P-adic maximum norm. 

The link between the Kirillov orbit formalism and the p-adic integrals ([5]) is given by 
the fact that the problem of enumerating finite co-adjoint orbits of given size may be 
reformulated as the problem of enumerating elementary divisors of matrices of linear 
forms. The integrals ([5]) are multivariate analogues of Igusa local zeta functions associ- 
ated to polynomial mappings, a well-studied class of local zeta integrals; see [11]. They 
are also akin to the p-adic integrals studied in [12] , and our proofs of Theorems [A] and [B] 
rely on an adaptation of the methods and formulae provided there. 
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A key point in the proof of Theorem [C] is the fact that, for the relevant arithmetic 
groups r, almost all of the non-archimedean Euler factors in are of the form Csl 3 (o)( s ) 
or Csu 3 (£),o)( s )> an d that for the exceptional factors the abscissa of convergence is suf- 
ficiently small, in fact equal to 2/3. In [2] we use the exact formulae provided by 
Theorem [Ej together with Clifford theory and suitable approximative Dirichlet series, 
to prove that the global abscissa of convergence a(T) is always equal to 1. 

The proof of Theorem [E] relies on a concrete interpretation of the p-adic integrals (|5j) . 
More generally, in the case of 'semisimple' compact p-adic analytic groups, we give 
a description of these integrals in terms of a filtration of the irregular locus of the 
associated Lie algebra. The terms of this filtration are projective algebraic varieties 
defined by centraliser dimension, refining the notion of irregularity. In the case of 5(3 
and SU3, this filtration is simple enough to allow explicit computations. 

2.2. Similarity classes, shadows and Clifford theory. The explicit computation 
of the zeta function of SL3(o) in Theorem iFl is based on the Kirillov orbit method and 
a quantitative analysis of the GL3(o)-adjoint orbits, or similarity classes, in the finite 
quotients g[ 3 (o/p £ ), I G N. The pre- images of similarity classes in gl 3 (o/p £ ) under the 
natural reduction map 7T£ : gl 3 (o/p i+1 ) — > gf 3 (o/p^) are unions of similarity classes. In [3] 
we give an explicit, recursive description of these classes which allow us to compute their 
numbers and cardinalities. 

Given I G N and a similarity class C G GL 3 (o)\gl 3 (o/p^), we define the shadow 
sh(S) of S to be the conjugacy class of the reduction modulo p of StabGL 3 (o)(^)> where 
A is any element of C. This definition is independent of the choice of A. We write 
Gf) := {sh(C) I 6 G GL 3 (o)\gl 3 (o/p^),£ G N} for the set of shadows. It turns out 
that |6f)| = 10, and that the shadow of a similarity class C determines the numbers 
and sizes of the classes which make up ttJ 1 (Q). More precisely, there are polynomials 
a (7i,(T2( x )^b ait(72 (x) G Q[x], indexed by (01,(72) G Of) 2 , such that, for all I G N, any 
similarity class C G GL 3 (o)\gl 3 (o/p^) and shadow a G Gf), the following hold: 

(a) The number of similarity classes in 7r^" 1 (C) with shadow a is equal to a s h(e),o-(9)- 

(b) All similarity classes in ttJ 1 {Q) with shadow a have equal cardinality |C|-6 s h(e),o-( ( ?)- 
We then compute, for each I G N and G Gf), the Dirichlet generating function which 
enumerates the classes with shadow 0, viz. 

Q{s):= I 6 !" where Q,[a] := {C G GL3(o)\0[ 3 (o/p f ) I sh(6) = a}. 

Finally, we prove that if p > 3e(o|Z p ) then 

(6) CsL 3 (o)( S )=l-|o/p| £ |SL3(o/p):^)nSL 3 (o/p)| ^ ^ 

where, for each a G Gf), H(a) < GL3(o/p) denotes a fixed representative of the conju- 
gacy class a. Theorem IFl is a consequence of ([6]). Theorem iGl follows from an analysis 
of the formula given in Theorem [Fl and standard Tauberian theorems. 
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